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The class of locally convex *-algebra topologies on a BP*-algebra which possess 
the same bounded hermitian idempotent subsets is considered and is shown to 
have a finest element. The cone of positive elements of a symmetric BP*-algebra 
is studied and is seen to be closed in this finest topology. Order-bounded 
BP*-algebras are considered, and it is seen that the positive linear functionals span 
the dual of such an algebra. The class of equivalent topologies on an order-bounded 
commutative BP*-algebra for which every positive linear functional is continuous 
is considered, and there are found to be such topologies which are neither barreled 
nor Q-topologies, so the results of Husain and Warsi (Period. Math. Hungar 8 
(1977) 15-28) are extended. i 1989 Academic PESS, IN 
1. INTRODUCTION 
Given a locally convex *-algebra (A, t) there is a variety of questions of 
interest that can be asked about it: 
(A) how unique is the topology on A (what restrictions are there on 
the class of topologies CT on A such that (A, a) is a locally convex *-algebra 
with the same properties as (A, z))? 
(B) can we define a closed cone of positive elements in A? 
(C) if B is a closed *-subalgebra of A, is B an algebra of the same 
type as A, and can every positive linear functional on B be extended to a 
positive linear functional on A ? 
(D) is every positive linear functional on A continuous? 
(E) do the positive linear functionals on A span the dual of A? 
For example, if A is a C*-algebra, then the C*-algebra topology on A is 
unique, and questions B, C, D, E may all be answered positively. For more 
general locally convex *-algebras than C*-algebras, much work has been 
done trying to obtain answers to these questions. 
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Allan [ 1, 21 and Dixon [3] have considered a class of general&d 
C*-algebras, or GB*-algebras. Introducing the notation that two locally 
convex *-algebra topologies are equivalent if they yield the same bounded. 
hermitian, idempotent. absolutely convex subsets, they have shown that 
there is a finest GB*-algebra topology equivalent to the original one. A 
cone of positive elements can be defined, and it is closed with respect to the 
above finest topology. Moreover, in the commutative case, the positive 
linear functionals on A span the dual, and there is a coarsest GB*-algebra 
topology equivalent to the original one for which every positive linear 
functional is continuous. 
Using a different approach, many of these questions can be answered 
when considering symmetric sequentially complete locally multiplicative- 
convex *-algebras with continuous involution which are Q-algebras-the 
symmetric MQ*-algebras of Husain and Rigelhof [4]. Questions B, C. D 
can all be answered positively, simply by mimicking the proofs for 
symmetric Banach *-algebras found in Rickart [S]. 
In an attempt to unify both these approaches, we shall consider the 
BP*-algebras introduced by Husain and Warsi [S, 61. This is because 
every MQ*-algebra is a BP*-algebra, as is every GB*-algebra for which 
every element is bounded. Using the same notion of equivalence as in 
[l-3], we shall show that there exists a finest BP*-algebra topology 
equivalent to the original one, and in the commutative case this admits a 
special interpretation. If the BP*-algebra is symmetric, we can define 
a cone of positive elements which is closed with respect to the finest 
topology. Question C may be answered for special types of subalgebra. 
Question D has already been answered by Husain and Warsi [6] to some 
extent, but by considering those algebras for which E is true we can extend 
the results of [6], at least in the commutative case. The general problem 
of whether E is true or not is still open, but in the commutative case we 
can find a necessary and sufficient condition for it to be true. Also we Find 
that there is a coarsest BP*-algebra topology equivalent to the original one 
(if the original topology satisfies E) such that both D and E are true. 
2. PRELIMINARIES 
We shall start by defining our basic terminology. A locally convex 
*-algebra is a *-algebra which is also a Hausdorff locally convex topo- 
logical vector space such that the multiplication is separately continuous in 
both variables and the involution is continuous. 
An element x of a locally convex *-algebra A is bounded if there exists 
i > 0 such that the set {(Ax)“: n E N $ is a bounded subset of A. 
A subset B of A is idempotent if B2 c B and hermitian if B* = B. Let I 
BP*-ALGEBRAS 291 
be the family of all closed, bounded, absolutely convex, hermitian, idem- 
potent subsets of A. For any B in 99, the ‘linear span A(B) of B is a 
*-subalgebra of A which, when equipped with the Minkowski norm 11. I(B 
(Allan [ 1 I), becomes a normed *-algebra with isometric involution. If the 
normed * -algebra A(B) is complete (and hence a Banach *-algebra) for 
each B in 98, then A will be called *-pseudocomplete. A subfamily V of &9 
is called a base if every element of 98 is contained in an element of %?. It is 
known (Allan [ 1, Proposition 2.71) that A will be *-pseudocomplete if and 
only if A(B) is a Banach *-algebra for each B in some base of a. 
If (A, t) is a locally convex *-algebra, we shall denote the t-closure of a 
subset K of A by r(K). If B is absolutely convex, bounded, hermitian and 
idempotent, it is clear that zig. 
A BP*-algebra is a locally convex *-algebra A such that every element 
is bounded and A is *-pseudocomplete. 
A locally convex *-algebra A with identity e is symmetric if (e + .x*x) ’ 
exists and is bounded for every x in A. 
Two locally convex *-algebra topologies z, and t2 will be equivalent 
(written T, - r2) if every element of g(~ I) is contained in an element of 
.%?(T~), and vice versa. It is clear that this defines an equivalence relation on 
the family of locally convex *-algebra topologies. 
Let A be a locally convex *-algebra with identity e. A linear functional 
f on A will be called positive if f(x*x) 2 0 for all x in A. The collection of 
all positive linear functionals on A will be denoted P(A), and P,(A) will be 
the subcollection of P(A) consisting of those positive linear functionsfsuch 
that f(e) = 1. The collection of all nonzero multiplicative linear functionals 
on .4 will be denoted M(A). If A is symmetric, then M(A)G P,(A) 
(Michael [ 7, Lemma 6.41). 
3. THE FINEST EQUIVALENT TOPOLOGY ON A BP*-ALGEBRA 
Suppose that (A, z) is a BP*-algebra with identity e. We would like to 
know what sort of control we have on the family Y of all BP*-algebra 
topologies on A equivalent to T. It turns out that Y has a finest element 
?. The proof of this result is largely motivated by the calculations of Dixon 
[3] and is simply an adaptation of his work. 
For any given function 6: .g x A x A + (0, co), define the set 
N(d):=A u {6(B,x,y)xBy:B~B;x, YEA} , 
( > 
where d(K) denotes the absolutely convex cover of K, for any subset K of 
A. Since every element of A is bounded we know that A = U {A(B): BE Sf} 
(Allan [l, Proposition 2.4]), and so each set N(6) is absorbing. Conse- 
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quently the family of sets {N(6): 6: ,A+’ x A x A -+ (0, X) 1 forms the 
neighbourhood base for a locally convex topology < on A. 
PROPOSITION 1. (A, t^) is u locall~l convex *-algebra u!ith f 2 5. 
Prooj: For any function 6: ;‘A x A x A + (0, x ) and z in A we can define 
functions 6,, a’, 6* from 9# x A x A to (0, IX ) by setting 
S,(B. x, y) = 6( B, LY, J,) 
s=( B, x, 4’) = S( B, x, J’Z) 
s*(B, x, y) = S(B, y*, x*), 
and since zN(6,)~N(6), N(6’)z~N(6), N(6*)= N(6)*, we deduce that 
(A, 2) is a locally convex *-algebra. 
If U is an absolutely convex r-neighbourhood of 0, for any X, y E A the 
separate continuity of multiplication in (.4, T) tells us that we can find a 
t-neighbourhood V,, of 0 such that XV.,, y G U. For any BEG?, B is 
bounded and so we’ can find 6(B, X, y) > 0 such that 6(B, x, y) B c V,, 
Thus 6(B, x, y)xBy c U. Thus we can find a function 6: $8 x A x A -+ (0, x ) 
such that N(6) c U. Thus z^z t (cf. Dixon [3, Proposition 6.11). 1 
We can go on from here to show that f m t, and indeed this equivalence 
is achieved in a very special way. 
PROPOSITION 2. (i) B(T) c g(f). 
(ii) !~BE@?), then 7(B)~g(7). 
Consequently we deduce thut f Y 7. 
Proof: (i) Since 6(B, e, e)Bs N(6) for any BEE and function 6, it 
is clear that if BE a(7), then B is f-bounded. Since B is r-closed and r^ 2 7, 
B is t-closed, and so BE 8(f). 
(ii) If BE 99(f) then B is absolutely convex, hermitian, idempotent, 
f-closed, and f-bounded. Thus B is z-bounded, since t^ 2 r’, and so z(B) 
belongs to g(z). 1 
We can also show that (A, ?) is a BP*-algebra, and continue to prove 
that z^ is the finest element of r. To do this we establish the following 
result. 
THEOREM 3. If‘ o is a locally convex *-algebra topology on A bvhich is 
equivalent to z, then every a-barrel is a f-neighbourhood qf 0. Consequent/J% 
z^ 2 o-. - 
Proof: If U is a o-barrel, then for any x, y E A the separate a-continuity 
of multiplication tells us that we can find a a-barrel V,., such that 
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XV,,. y E U. For any BE 99 = a(z), B is o-bounded and, since the 
normed space A(B) is complete, we can find 6(B, X, y) > 0 such that 
6(B, x, y)Bz I/,,. (T&es [ 11, Lemma 36.21). Hence we have found a 
function 6: 3 X-A x A + (0, co) such that N(6) c U, and so U is a 
f-neighbourhood of 0. Since CT has a neighbourhood base of 0 consisting of 
a-barrels, we see that t^ 2 (T. 1 
COROLLARY 4. (A, t^) is barreled. 
Proof Immediate, putting c = ?. 1 
Thus t^ certainly the finest locally convex *-algebra topology on A which 
is equivalent to z. As mentioned above, this result can be improved. 
THEOREM 5. Zj" G is a locally convex *-algebra topology on A which is 
equivalent to z, then (A, a) is a BP*-algebra. In particular we see that (A, f) 
is a BP*-algebra. 
Proof: Since 0 - ‘5, it is clear that A = IJ (A(B): BE a(~)} = 
U {A(B): BE&?(~)} d an so every element of (A, a) is bounded. Since g(t) 
is a base for g(f), it is clear in particular that (A, ?) is a BP*-algebra. If 
B E $9(a) then B is absolutely convex, hermitian, idempotent, c-closed, and 
a-bounded. Since t^ 2 (T we see that B is <-closed. Since B is a-bounded and 
0 - t - ?, B is ?-bounded, and so B E $4(t). Thus the normed algebra A(B) 
is complete, and so (A, a) is a BP*-algebra. 1 
The topology ? may be shown to have even more structure. 
PROPOSITION 6. (A, z^) is bornological. 
Proof Let U be an absolutely convex bornivorous subset of (A 2). For 
any BE &? = B(T), B is ?-bounded, and so xBy is f-bounded for any 
x, y E A. Thus we can find 6(B, x, y) > 0 such that 6(B, x, y)xBy G U. 
Hence we have found a function 6: 98 x A x A -+ (0, co) such that N(6) c U, 
and so U is a 3-neighbourhood of 0. Thus (A, ?) is bornological. 1 
Summarising the results of this section, we have the following: 
THEOREM 7. Let (A, 5) be a BP*-algebra with identity e. Then every 
locally convex *-algebra topology on A which is equivalent to T is a member 
of F, and F has a finest element z^, which is barreled and bornological. 
Of course r^, as presently defined, is not a topology which we can 
describe in terms of more usual topologies. It would be nice to know if f 
can be described more simply, and in the next section we shall see that this 
is possible, at least in the case where A is commutative. 
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If (A, t) is a BP*-algebra with identity tl, let .M, denote the subcollection 
of &’ consisting of all elements of & which contain (j. Now .ti, is a base for 
;B (Allan [l, Proposition 2.81) and so (Husain and Warsi [6. Proposi- 
tion 6.11) A may be given a locally convex topology T, liner than r, which 
is equal to the inductive limit topology generated by the family .a?,. Since 
the normed space A(B) is a Banach *-algebra for any BE &I,, we know that 
(A, T) is both barreled and bornological. 
However, we would like to know whether (A, T) is a locally convex 
*-algebra. In general, the answer to this is unknown, but we can satisfy 
ourselves that the result is true when A is commutative. 
THEOREM 8. If’ A is commutatiue, then (A, T) is a IocallJ’ conce.v 
*-algebra. 
Proof: For any .x=x* in A we can find EL > 0 such that B(x) = 
{(ix)?nEN}u{e) is r-bounded. Thus 7(d(B(x)))~&?,(t) and so 
(Allan [l, Theorem 2.101) for any BE.%,(~) we can find C~2iJ,(r) 
such that r(d(B(x))) . B L C. Thus B G C and xA(B) c A(C). Since 
x E A(C) and A(C) is a Banach *-algebra, the left-multiplication 
operator L,: A(C) -+ A(C) is norm-continuous. Since the injection map 
i,-: A(C) -+ (A, T) is continuous, i,. . L , : A(C) + (A, T) is also continuous. 
Thus I., i,: A(B) + (A, T) is continuous when A(B) is equipped with its 
own norm topology, which is liner than the norm topology on A(B) 
induced from A(C). Hence we deduce that L, : (A, T) -+ (A, T) is con- 
tinuous. Since the hermitian elements of A span A, we deduce that multi- 
plication is separately continuous in (A, T). 
For any Bra, the map *: A(B) + A(B) is norm-continuous, and so 
* . i, = i, . *: A(B) + (A, T) is continuous, so that (A, T) has continuous 
involution. Thus (A, T) is a locally convex *-algebra. 1 
We can also show that T- 7, obtaining a result identical to that of 
Proposition 2. 
PROPOSITION 9. (i) &ll(7)~B,(T) 
(ii) Z~BE~~(T), then 7(B)~@,(7). 
Consequently T- z, and (A, T) is a BP*-algebra uith f 2 T. 
Proof: (i) If BE B,(7) then for any T-neighbourhood U of 0 we 
have that Un A(B) is a neighbourhood of 0 in A(B). Since B= 
:xcA(B): llxll~5 I}, we can find p>O such that Bcp(UnA(B))= 
pU n A(B) E p U. Hence B is T-bounded. Since B is r-closed and Tz 7, B 
is T-closed, so BE g,(T). 
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(ii) If BE gl( T), then B is T-bounded, and so r-bounded, and so 
TV%. I 
Finally, we can show that T = t^, and so we have obtained a much nicer 
description of f in the commutative case. 
THEOREM 10. If’ CT is a locally convex *-algebra topology on A which is 
equivalent to z, then T 2 u. 
Proof. Since CT w t we see that B is c-bounded for any BE al(~). If U is 
a a-neighbourhood of 0 we can find p > 0 such that pB c_ U n A(B), whence 
it follows that Ii n A(B) is a neighbourhood of 0 in A(B). Consequently Ii 
is a T-neighbourhood of 0, and so Tz CJ (cf. Robertson and Robertson [9, 
p. 82, Lemma 11). 1 
COROLLARY 11. ? = T. 
Proof. Immediate. 1 
Analysis of Theorem 10 shows that T is a locally convex topology on A 
such that the involution is continuous and such that Tz i, whether A is 
commutative or not. Since the commutativity of A was only used in 
proving the continuity of multiplication in (A, T), it is clear that T= i 
whenever A is a BP*-algebra with T-continuous multiplication. It is not 
known what more general condition than commutativity will satisfy this 
requirement. 
5. THE POSITIVE CONE FOR SYMMETRIC BP*-ALGEBRAS 
Since every element of a BP*-algebra A with identity is bounded, the 
somewhat complicated definitions of the spectrum of an element found in 
Allan [ 1, 21 and Dixon [3] for pseudocomplete algebras reduce to the 
natural one. If x E A we shall say that the complex number 1 belongs to the 
spectrum (T(X) of x if and only if Ae - x is not invertible. Sometimes we 
shall write the spectrum as (TV if we wish to specify the underlying 
BP*-algebra. a(x) is a bounded (but not necessarily closed) subset of @, 
and so the spectral radius v(x) = sup{ 111: i E o(x)} is finite for any x in A. 
Since the BP*-algebra A is not necessarily sequentially complete, 
the following result cannot be proved by the traditional approach using the 
spectral radius (cf. Husain and Rigelhof [4, Lemma I]). However, the 
functional calculus introduced by Allan [ 1 ] for pseudocomplete algebras 
handles the problem very well. 
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LEMMA 12. 11~ x E A is such that x = .I-* and a(x) E [i?, x ) /k/r some 
6 > 0, then s is invertible und H’e cun ,find un invertible element ~1 E A ,such 
that J‘ = JB* and .Y = y’. 
Prooj Since U(X) 5 [& X) the functions 3.~ j. ’ and J.H i’ ’ are 
holomorphic on 0(.x), and so (Allan [ 1, Proposition 5.1 and Theorem 5.31) 
we can find J’ E A such that 4’ = J* and .Y = y’, and also x is invertible. 
Since x is invertible, so is ~9. a 
Work by Dixon [3] on GB*-algebras showed that it is possible to define 
a convex cone of positive elements and that this cone is closed with respect 
to the finest equivalent GB*-algebra topology. We would like to prove an 
analogous set of results for BP*-algebras, and in order to do this we shall 
need to give our BP*-algebras some extra (algebraic) structure, namely 
that of symmetry. However, the proof in Dixon depended greatly on the 
closeness of GB*-algebras to C*-algebras, and so we shall need to take a 
new approach. 
For the rest of this section we shall assume that (A, r) is a symmetric 
BP*-algebra with identity e. Let A, denote the set of all hermitian elements 
of A. A,? is a real Hausdorff locally convex space, and a(x) E W for any 
xc A,, (Michael [7, Lemma 6.41). Define the set of positive elements as: 
A+ = {xEA,:o(x)c [O, cc)}. 
Then the symmetry of A tells us that X*X belongs to A + for all x in A. We 
shall adopt the notation that x 2 JJ if x - y E A +. 
Lemma 12 can be used to prove the following results, repeating the 
arguments used in Section IV.7 of Rickart [8] for symmetric Banach 
*-algebras. 
PROPOSITION 13. A + is a convex cone in A. 
COROLLARY 14. The spectral radius v is a seminorm on the space A,,. 
PROPOSITION 15. If f is a linear functional on A, then the .following 
statements are equivalent 
(a) f E P(A); 
(b) ,f(x)zOfor all SEA+; 
(c) f is hermitian and If(x)1 5 f(e) v(x).for cdl x in A,,. 
These results enable us to establish a limited answer to the problem of 
extendability of positive linear functionals on subalgebras. If C is a 
maximal commutative * -subalgebra of A, then C is closed and so it is a 
symmetric BP*-algebra containing the identity e (Husain and Warsi [6, 
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Proposition 4.11) such that a<,(y) = oA(y) = o(y) and hence vc(y) = v(y) 
for all y in C. This means of course that C+ = C n A +. 
THEOREM 16. Every linear functional f in P(C) may be extended to Some 
F in P(A). 
Proof. Since f E P(C), f is hermitian, and so f restricts to a real linear 
functional f on C, such that If( y)j s!(e) v(y) for all y E C,. Since v is a 
seminorm on Ah 2 C,,, the Hahn-Banach theorem tells us that f may be 
extended to a real linear functional f on A, such that Ip(x)l 5 F(e) v(x) for 
all x E A,. Thus P extends to a hermitian linear functional F on A, and it 
is easy to see that FE P(A) and F extends f. 1 
COROLLARY 17. Let x be a normal element of A. Then a(x) G 
if(x):f EP,(A)). 
Proof: Let C be the maximal commutative *-subalgebra of A contain- 
ing x. Since every multiplicative linear functional on C is continuous when 
C is endowed with the inductive limit topology T(C) (Husain and Warsi 
[6, Theorem 6.4]), we deduce that G(X) = (f(x): f E M(C)f (Husain and 
Warsi [6, Lemma513]).Thusa(x)= {f(x):fEM(C)}c{f(x):feP,(C)} 
= { fl:x): f E P,(A)}, as required. 1 
Now we can establish the main result of this section. 
THEOREM 18. The positive cone A + is Q-closed. 
Proof. If x E ?(A + ), then x E A,,. For any f E P(A), f is Q-continuous 
since i is barreled (Husain and Warsi [6, Theorem 5.14]), and so we 
deduce that f(x)zO. Thus a(x) E {f(x): f E P,(A)} G [0, co), and so 
.Y E A +. Hence we deduce that A + is f-closed. 1 
COROLLARY 19. [fx E Ah\A + we can find f E P(A) such that f(x) < 0. 
Proof: Immediate (cf. Dixon [3, Theorem 6.71). 1 
6. POSITIVE FUNCTIONALS AND ORDER-BOUNDED BP*-ALGEBRAS 
We now come to a discussion of the positive linear functionals on a sym- 
metric BP*-algebra (A, t) with identity e. If we let An denote the linear 
subspace of the algebraic dual A* of A spanned by P(A), then questions D 
and E of Section 1 may be posed as follows: 
(D) is A”GA’? (E) is A’sA”? 
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Question E has been shown to be true by Dixon [3] in the case of com- 
mutative GB*-algebras, while question D has been answered positively by 
Husain and Warsi [6] if either A is barreled or A is a Q-algebra. If A is 
commutative and possesses the inductive limit topology T, then (A, T) is 
barreled, and so the third case of Husain and Warsi is already accounted 
for. 
Let us consider question E. Straight away we see that this result cannot 
be true in general. 
PROPOSITION 20. Jf’ A’s A”, then A+n(-A+)=(.YEA,,:\~(.K)=O) 
= (0). 
Proof If x E A + n ( -A + ), then f(x) = 0 for all j’~ P(A), so for all 
fEA”,soforallfEA’.Thusx=O. u 
Consequently, if A is a symmetric MQ*-algebra with identity e such 
that A’ c A”, then A must be semisimple (Husain and Rigelhof [4, 
Theorem 73). 
In an attempt to solve this problem, we shall introduce the following 
new structure. A symmetric BP*-algebra A with identity e will be called 
order-bounded if: (i) the order interval [0, X] = {ye A: 0 5 ys x} is 
bounded for all XE A+; (ii) for any X, 4’ E A + such that x + y is invertible, 
we have [0, x] + [0, y] = [0, x+ ~1. This definition is useful for the 
following reason. 
THEOREM 21. If (A, T) is an order-bounded symmetric BP*-algebra kcxith 
identity e, then A’ G A”. 
Proof: This is a simple adaptation of Allan [2, Theorem 4.31 and 
Schaefer [lo, V.1.41. 1 
Unfortunately, order-boundedness is not a property of BP*-algebras 
which is preserved under equivalence in general. However, in the 
commutative case we can do better. 
THEOREM 22. If (A, T) is a commutative symmetric BP*-algebra Msith 
identity e, then the following statements are equivalent: 
(i) A is order-bounded; 
(ii) [0, e] is a bounded subset of A; 
(iii) A’ c A”. 
Proof: (i) 3 (iii) See above. 
(iii) * (ii) For any f E P(A) we have that Osf(x) 5 f(e) for all 
XE [IO, e]. Thus [O, e] is o(A, P(A))-bounded, so o(A, A”)-bounded. 
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Since A’c A”, we see that o(A, A’) 5 a(A, A”), and so [0, e] is o(A, A’)- 
bounded. Hence (Schaefer [lo, IV.3.31) we deduce that [0, e] is 
r-bounded. 
(ii)*(i) If .u,y~A+ are such that x + y is invertible, and 
QE [0, x+ y], consider b=ax(x+ y) ’ and c=uy(x+ y) ‘. It is clear 
that b E [0, x], CE [0, ~1 and that a= b + c. Thus [0, X] + [0, y] = 
[O, x t y]. If IE A + then .u+ egA + is invertible and it is clear that 
(.y+e)[O, e] is equal to [0, x+ e]. Thus [0, x+ e] is bounded, and so 
[0, X] E [0, x + e] is also bounded. 1 
For the rest of this section, we shall assume that (A, r) is a commutative 
order-bounded symmetric BP*-algebra with identity e. 
THEOREM 23. If IJ is a locally convex *-algebra topologJ1 on A which is 
equivalent to 5, then (A, a) is ulso an order-bounded BP*-algebra. 
Proof Since A is commutative it is easy to see that [0, e] is idempo- 
tent. [0, e] is certainly hermitian, and it is convex because A is symmetric. 
Hence d( [0, e]) = U { %[O, e]: 11.1 5 1 } is hermitian, idempotent, absolutely 
convex, and r-bounded, so that r(d( [0, e])) E g(z). Since CJ h r we deduce 
that r(d( [0, e])), and hence [0, e], is also o-bounded. Thus (A, o) is also 
an order-bounded BP*-algebra. 1 
COROLLARY 24. (A, T) is an order-bounded BP*-algebra whose dual is 
A”, and we have T= $A, A”). 
Proof (A, T) is an order-bounded BP*-algebra, and so A’(T) c A”, 
where A’(T) is the dual of (A, T). But every element of P(A) is 
T-continuous, and so A” G A’(T). Thus A’(T) = A”. Since T is barreled 
(and bornological), we have that T= t(A, A’(T)) (Schaefer [ 10, IV.3.4]), 
and so we deduce that T=z(A, A”). 1 
What locally convex *-algebra topologies u on A which are equivalent 
to r (so that (A, g) is an order-bounded BP*-algebra) are such that every 
positive linear functional on A is continuous, satisfying question D, so that 
A’(o) = A”? To answer this final question we need to consider one further 
topology. 
Consider the positive functional topology 7~ = a(A, A”) introduced by 
Allan [2]. It is simple to show that (A, rr) is a locally convex *-algebra 
(Allan [2, Lemma 5.31). We obtain the following result. 
LEMMA 25. 71 - t, and so (A, x) is an order-bounded BP*-algebra, and of 
course rt 5 T. 
Proof If BE%~(T), then B~93(T)=g(z). If Beg(~), then B is 
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n-bounded, and so B is cr(A, A’)-bounded, and so B is r-bounded. Thus 
T(B)E.~(T). 1 
The following theorem is now immediate (cf. Allan [2, Theorem 5.81). 
THEOREM 26. If ~7 is u locally (onves *-algebra topology on A ,fi)r trhich 
every positive linear ,functional is continuous, thrn o A T !f and onI), (f 
n1asT. 
In particular, (A, n) is a BP*-algebra for which every positive linear 
functional is continuous. But (A, n) is (in general) neither barreled nor a 
Q-algebra, hence we have found a class of BP*-algebras, different from 
those considered by Husain and Warsi [6], for which every positive linear 
functional is continuous. 
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